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Abstract. We propose a method to obtain iterative schemes guarantee unique solutions for systems of
partial differential equations that are not symmetric with respect to the time by generalizing He’s vari-
ational iteration method and using Banach’s fixed point theorem. Then, iterative schemes for systems of
incompressible fluid flow and incompressible micropolar fluid flow will be created by applying the generalized
He’s variational iteration method.
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1 Introduction
Variational iteration method (VIM) was proposed and used to solve many kinds of PDEs by He [7 − 16].
Its advantage is to provide a faster successive approximation of the (exact or numerical) solution comparing
with Adomian’s decomposition method [23,1,2] and it does not depend on small parameters comparing with
perturbation methods. Moreover, it was used to solve the systems of PDEs which are symmetric with respect
to the time [24]. In this article, we try to study asymmetric systems of PDEs with respect to the time; in
other words, systems of PDEs for unknowns uk, k = 1, · · · ,m and unknowns pk, k = 1, · · · ,m, such that
every PDEk has the Laplacian operator△uk and the operator∇pk for k = 1, · · · ,m, and they are symmetric
for uk, k = 1, · · · ,m and not symmetric for pk, k = 1, · · · ,m with respect to the time. Our way is to reform
the system of PDEs and normalize every Laplacian operator △uk in every PDEk for k = 1, · · · ,m to make
the system symmetric with respect to the location x = (x1, · · · , xd) and then we multiply every PDEk by
the operator ∇ and the unit outer normal n to ∂Ω to create a second system such that every PDEk has
the Laplcian operator △pk for unknowns pk, k = 1, · · · ,m, and it is symmetric with respect to the location
x = (x1, · · · , xd) as well. Hence, we can apply the VIM to both systems together in any xl−direction we
like, for l = 1, · · · , d, to get iterative schemes guarantee unique solutions uk, pk, k = 1, · · · ,m using Banach’s
fixed point theorem. This method can be applied for systems of incompressible fluid flow (Navier-Stokes
equations) and incompersible micropolar fluid flow (Navier-Stokes equations and microrotational velocity
equations). So, the outline of the paper is as follows: in section 2, we generalize He’s variational iteration
method to the asymmetric systems of PDEs with respect to the time. Then, we apply our technique to the
systems of incompressible fluid flow in section 3, and incompersibble micropolar fluid flow in section 4.
2 Generalized He’s variational iteration method
Let uk = (uk,1, · · · , uk,d) : Ω(⊂ R
d) × [0, T ]→ Rd and pk : Ω(⊂ R
d) × [0, T ] → R, k = 1, · · · ,m and d ∈ N,
and consider the system of partial differential equations that is not symmetric in pk, k = 1, · · · ,m, with
1
respect to t ∈ [0, T ], of the form
Ltu1 +R1 (△u1,u2, · · · ,um,∇p1) +N1 (u1, · · · ,um) = f1
...
...
...
Ltum +Rm (u1, · · · ,um−1,△um,∇pm) +Nm (u1, · · · ,um) = fm
(2.1)
with initial data uk(x, 0) = uk,0(x), k = 1, · · · ,m, where Lt is a first-order partial differential operator, Rk
andNk, k = 1, · · · ,m, are linear and nonlinear operators respectively, and fk = (fk,1, · · · , fk,d), k = 1, · · · ,m,
are source terms. Since the Laplacian terms △uk are in linear operators Rk, k = 1, · · · ,m, we can normalize
thier coefficients and reform the system (2.1) to
△u1 +R1 (u1, · · · ,um,∇p1) +N1 (u1, · · · ,um) = h1
...
...
...
△um +Rm (u1, · · · ,um,∇pm) +Nm (u1, · · · ,um) = hm
(2.2)
To create a system of partial differential equations symmetric in pk; k = 1, · · · ,m, with respect to x, we take
the operator ∇ and the unit outer normal n to ∂Ω on both sides of every equations in (2.1), to get
△p1 +∇R1 (u1, · · · ,um) +∇N1 (u1, · · · ,um) = ∇f1
...
...
...
△pm +∇Rm (u1, · · · ,um) +∇Nm (u1, · · · ,um) = ∇fm.
(2.3)
with conditions
∂pk
∂n
= (Lxuk +Rk +Nk − fk) .n; k = 1, · · · ,m. Then, for k = 1, · · · ,m, the correctional
functionals for the system (2.2) and for the system (2.3) in any xl−direction, l = 1, · · · , d, are
uk,1,n+1(x, t) = uk,1,n(x, t) +
∫
Ωx
l
λk,1(xl)[△uk,1,n(x, τ) +Rk,1 (u˜1,1,n, · · · , u˜1,d,n, · · · , u˜m,1,n, · · · , u˜m,d,n,∇p˜k,n)
+Nk,1 (u˜1,1,n, · · · , u˜1,d,n, · · · , u˜m,1,n, · · · , u˜m,d,n)− fk,1(x, τ)]dxl
...
uk,d,n+1(x, t) = uk,d,n(x, t) +
∫
Ωx
l
λk,d(xl)[△uk,d,n(x, τ) +Rk,d (u˜1,1,n, · · · , u˜1,d,n, · · · , u˜m,1,n, · · · , u˜m,d,n,∇p˜k,n)
+Nk,d (u˜1,1,n, · · · , u˜1,d,n, · · · , u˜m,1,n, · · · , u˜m,d,n)− fk,d(x, τ)]dxl
pk,n+1(x, t) = pk,n(x, t) +
∫
Ωx
l
µk(xl)[△pk,n(x, t) +∇Rk (u˜1, · · · , u˜k) +∇Nk (u˜1, · · · , u˜k)−∇fk(x, t)]dxl
(2.4)
where λk,l, µk, k = 1, · · · ,m; l = 1, · · · , d, are general Lagrange multipliers, and u˜k,l,n, p˜k,n, k = 1, · · · ,m; l =
1, · · · , d are restricted variations, that is δu˜k,l,n = 0, k = 1, · · · ,m; l = 1, · · · , d. By the variational theory and
via integration by parts, the Lagrange multipliers λk,l, µk, k = 1, · · · ,m; l = 1, · · · , d can be identified. To ob-
tain unique solution of above iterative scheme, we consider the operators Uk,l,n[uk,l,n] = uk,l,n+1, Pk,n[pk,n] =
pk,n+1, n ≥ 0, k = 1, · · · ,m; l = 1, · · · , d and use Banach’s fixed point theorem which state: if X is a Banach
space and A : X → X is a nonlinear mapping satisfying
‖A[f1]−A[f2]‖ ≤ γ‖f1 − f2‖, f1, f1 ∈ X
for γ ∈ [0, 1), then A has a unique fixed point [5]. So, the sufficient condition to approximate the iteravtive
scheme obtained by the generalized He’s variational iteration method is strictly contraction of Uk,l,n, Pk,n, n ≥
0, k = 1, · · · ,m; l = 1, · · · , d in Banach spaces and the sequences in (2.4) converges to the fixed points of
Uk,l,n, Pk,n, n ≥ 0, k = 1, · · · ,m; l = 1, · · · , d respectively, which are the solutions, uk,l = lim
n→∞
uk,l,n, pk =
lim
n→∞
pk,n, k = 1, · · · ,m; l = 1, · · · , d, of the system (2.1).
2
3 Variational iteration method for the system of incompressible
fluid flow
In this section, we apply our technique of generalized He’s variational iteration method to create an iter-
ative scheme that can guarantee existence of unique solution for the system of incompressible fluid flow
which is modeled by Navier-Stokes Equations, see [21,22,3,20,17]: given f, g and time T > 0, to find
u = (u1, u2, u3) : Ω× [0, T ]→ R
d in L∞
(
(0, T ) ;
(
L2 (Ω)
)n)⋂
L2
(
(0, T ) ;
(
H10 (Ω)
)n)
and p : Ω× [0, T ]→ R
in L
n+2
n+1
(
(0, T ) ;L
n+2
n+1 (Ω)
)
such that


∂u
∂t
+ (u.∇)u− v△u = −∇p+ f in Ω× (0, T ],
∇.u = 0 in Ω× (0, T ],
u = g at ∂Ω× (0, T ],
u(x, 0) = u0(x) in Ω.
(3.1)
where u is the velocity field, p is the pressure field, v(> 0) is the coefficient of kinematical viscosity and f is
the body force, we normalize (3.11) by divide both sides on −v to reform the system to

△u− 1v
(
∂u
∂t
+ (u.∇)u
)
= 1v (∇p− f) in Ω× (0, T ],
∇.u = 0 in Ω× (0, T ],
u = g at ∂Ω× (0, T ],
u(x, 0) = u0(x) in Ω.
(3.2)
Since the unknowns u, p do not appear in (3.1) in a symmetric way, because the pressure plays the role of
reaction force associated with the isochoricity constraint ∇.u = 0, see [5], we take ∇ on both sides of (3.11)
to get the field p as a solution of the following Neumann problem{
△p = −∇ ((u.∇)u− f) in Ω× (0, T ],
∂p
∂n
= − (v△u+ f) .n at ∂Ω× (0, T ],
(3.3)
where n is the unit outer normal to ∂Ω. (3.21) and (3.31) can be expanded in components to the following:
∂2u1
∂x21
+
∂2u1
∂x22
+
∂2u1
∂x23
−
1
v
(
∂u1
∂t
+ u1
∂u1
∂x1
+ u2
∂u1
∂x2
+ u3
∂u1
∂x3
)
=
1
v
(
∂p
∂x1
− f1
)
∂2u2
∂x21
+
∂2u2
∂x22
+
∂2u2
∂x23
−
1
v
(
∂u2
∂t
+ u1
∂u2
∂x1
+ u2
∂u2
∂x2
+ u3
∂u2
∂x3
)
=
1
v
(
∂p
∂x2
− f2
)
∂2u3
∂x21
+
∂2u3
∂x22
+
∂2u3
∂x23
−
1
v
(
∂u3
∂t
+ u1
∂u3
∂x1
+ u2
∂u3
∂x2
+ u3
∂u3
∂x3
)
=
1
v
(
∂p
∂x3
− f3
)
∂2p
∂x21
+
∂2p
∂x22
+
∂2p
∂x23
=
∂
∂x1
(
u1
∂u1
∂x1
+ u2
∂u1
∂x2
+ u3
∂u1
∂x3
− f1
)
+
∂
∂x2
(
u1
∂u2
∂x1
+ u2
∂u2
∂x2
+ u3
∂u2
∂x3
− f2
)
+
∂
∂x3
(
u1
∂u3
∂x1
+ u2
∂u3
∂x2
+ u3
∂u3
∂x3
− f3
)
.
3
Then, the correctional functionals for above equations in x1− direction are
u1,n+1(x1, x2, x3, t) = u1,n(x1, x2, x3, t) +
∫
Ωx1
λ1(X1)
[
∂2u1,n(X1, x2, x3, t)
∂X21
+
∂2u˜1,n(X1, x2, x3, t)
∂x22
+
∂2u˜1,n(X1, x2, x3, t)
∂x23
−
1
v
(
∂u˜1,n(X1, x2, x3, t)
∂t
+ u˜1,n(X1, x2, x3, t)
∂u˜1,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂u˜1,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂u˜1,n(X1, x2, x3, t)
∂x3
)
−
1
v
(
∂p˜n(X1, x2, x3, t)
∂X1
− f1(X1, x2, x3, t)
)]
dX1,
u2,n+1(x1, x2, x3, t) = u2,n(x1, x2, x3, t) +
∫
Ωx1
λ2(X1)
[
∂2u2,n(X1, x2, x3, t)
∂X21
+
∂2u˜2,n(X1, x2, x3, t)
∂x22
+
∂2u˜2,n(X1, x2, x3, t)
∂x23
−
1
v
(
∂u˜2,n(X1, x2, x3, t)
∂t
+ u˜1,n(X1, x2, x3, t)
∂u˜2,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂u˜2,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂u˜2,n(X1, x2, x3, t)
∂x3
)
−
1
v
(
∂p˜n(X1, x2, x3, t)
∂x2
− f2(X1, x2, x3, t)
)]
dX1,
u3,n+1(x1, x2, x3, t) = u3,n(x1, x2, x3, t) +
∫
Ωx1
λ3(X1)
[
∂2u3,n(X1, x2, x3, t)
∂X21
+
∂2u˜3,n(X1, x2, x3, t)
∂x22
+
∂2u˜3,n(X1, x2, x3, t)
∂x23
−
1
v
(
∂u˜3,n(X1, x2, x3, t)
∂t
+ u˜1,n(X1, x2, x3, t)
∂u˜3,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂u˜3,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂u˜3,n(X1, x2, x3, t)
∂x3
)
−
1
v
(
∂p˜n(X1, x2, x3, t)
∂x3
− f3(X1, x2, x3, t)
)]
dX1,
pn+1(x1, x2, x3, t) = pn(x1, x2, x3, t) +
∫
Ωx1
µ(X1)
[
∂2pn(X1, x2, x3, t)
∂X21
+
∂2p˜n(X1, x2, x3, t)
∂x22
+
∂2p˜n(X1, x2, x3, t)
∂x23
+
∂
∂X1
(
u˜1,n(X1, x2, x3, t)
∂u˜1,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂u˜1,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂u˜1,n(X1, x2, x3, t)
∂x3
− f1(X1, x2, x3, t)
)
+
∂
∂x2
(
u˜1,n(X1, x2, x3, t)
∂u˜2,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂u˜2,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂u˜2,n(X1, x2, x3, t)
∂x3
− f2(X1, x2, x3, t)
)
+
∂
∂x3
(
u˜1,n(X1, x2, x3, t)
∂u˜3,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂u˜3,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂u˜3,n(X1, x2, x3, t)
∂x3
− f3(X1, x2, x3, t)
)]
dX1.
4
Making the above correctional functionals stationary,
δu1,n+1(x1, x2, x3, t) = δu1,n(x1, x2, x3, t) +
∂δu1,n(X1, x2, x3, t)
∂X1
λ1(X1)
∣∣∣∣
X1=x1
− δu1,n(X1, x2, x3, t)
dλ1(X1)
dX1
∣∣∣∣
X1=x1
+
∫
Ωx1
δu1,n(X1, x2, x3, t)
d2λ1(X1)
dX21
dX1 = 0,
δu2,n+1(x1, x2, x3, t) = δu2,n(x1, x2, x3, t) +
∂δu2,n(X1, x2, x3, t)
∂X1
λ2(X1)
∣∣∣∣
X1=x1
− δu2,n(X1, x2, x3, t)
dλ2(X1)
dX1
∣∣∣∣
X1=x1
+
∫
Ωx1
δu2,n(X1, x2, x3, t)
d2λ2(X1)
dX21
dX1 = 0,
δu3,n+1(x1, x2, x3, t) = δu3,n(x1, x2, x3, t) +
∂δu3,n(X1, x2, x3, t)
∂X1
λ3(X1)
∣∣∣∣
X1=x1
− δu3,n(X1, x2, x3, t)
dλ3(X1)
dX1
∣∣∣∣
X1=x1
+
∫
Ωx1
δu3,n(X1, x2, x3, t)
d2λ3(X1)
dX21
dX1 = 0,
δpn+1(x1, x2, x3, t) = δpn(x1, x2, x3, t) +
∂δpn(X1, x2, x3, t)
∂X1
µ(X1)
∣∣∣∣
X1=x1
− δpn(X1, x2, x3, t)
dµ(X1)
dX1
∣∣∣∣
X1=x1
+
∫
Ωx1
δpn(X1, x2, x3, t)
d2µ(X1)
dX21
dX1 = 0
yields the following stationary conditions: for i = 1, 2, 3, that
δui,n :
d2λi
dX21
= 0 δpn :
d2µ
dX21
= 0
∂δui,n
∂X1
: µ(X1)|X1=x1 = 1 and
∂δpn
∂X1
: µ(X1)|X1=x1 = 1
δui,n :
dλi(X1)
dX1
∣∣∣∣
X1=x1
= 0 δpn :
dµ(X1)
dX1
∣∣∣∣
X1=x1
= 0.
Then, for i = 1, 2, 3, the Lagrange multipliers are λi = 1 and µ = 1; and the desired iterative scheme is
u1,n+1(x1, x2, x3, t) = u1,n(x1, x2, x3, t) +
∫
Ωx1
[
∂2u1,n(X1, x2, x3, t)
∂X21
+
∂2u1,n(X1, x2, x3, t)
∂x22
+
∂2u1,n(X1, x2, x3, t)
∂x23
−
1
v
(
∂u1,n(X1, x2, x3, t)
∂t
+ u1,n(X1, x2, x3, t)
∂u1,n(X1, x2, x3, t)
∂X1
+ u2,n(X1, x2, x3, t)
∂u1,n(X1, x2, x3, t)
∂x2
+ u3,n(X1, x2, x3, t)
∂u1,n(X1, x2, x3, t)
∂x3
)
−
1
v
(
∂pn(X1, x2, x3, t)
∂X1
− f1(X1, x2, x3, t)
)]
dX1,
u2,n+1(x1, x2, x3, t) = u2,n(x1, x2, x3, t) +
∫
Ωx1
[
∂2u2,n(X1, x2, x3, t)
∂X21
+
∂2u2,n(X1, x2, x3, t)
∂x22
+
∂2u2,n(X1, x2, x3, t)
∂x23
−
1
v
(
∂u2,n(X1, x2, x3, t)
∂t
+ u1,n(X1, x2, x3, t)
∂u2,n(X1, x2, x3, t)
∂X1
+ u2,n(X1, x2, x3, t)
∂u2,n(X1, x2, x3, t)
∂x2
+ u3,n(X1, x2, x3, t)
∂u2,n(X1, x2, x3, t)
∂x3
)
−
1
v
(
∂pn(X1, x2, x3, t)
∂x2
− f2(X1, x2, x3, t)
)]
dX1,
5
u3,n+1(x1, x2, x3, t) = u3,n(x1, x2, x3, t) +
∫
Ωx1
[
∂2u3,n(X1, x2, x3, t)
∂X21
+
∂2u3,n(X1, x2, x3, t)
∂x22
+
∂2u3,n(X1, x2, x3, t)
∂x23
−
1
v
(
∂u3,n(X1, x2, x3, t)
∂t
+ u1,n(X1, x2, x3, t)
∂u3,n(X1, x2, x3, t)
∂X1
+ u2,n(X1, x2, x3, t)
∂u3,n(X1, x2, x3, t)
∂x2
+ u3,n(X1, x2, x3, t)
∂u3,n(X1, x2, x3, t)
∂x3
)
−
1
v
(
∂pn(X1, x2, x3, t)
∂x3
− f3(X1, x2, x3, t)
)]
dX1,
pn+1(x1, x2, x3, t) = pn(x1, x2, x3, t) +
∫
Ωx1
[
∂2pn(X1, x2, x3, t)
∂X21
+
∂2pn(X1, x2, x3, t)
∂x22
+
∂2pn(X1, x2, x3, t)
∂x23
+
∂
∂X1
(
u1,n(X1, x2, x3, t)
∂u1,n(X1, x2, x3, t)
∂X1
+ u2,n(X1, x2, x3, t)
∂u1,n(X1, x2, x3, t)
∂x2
+ u3,n(X1, x2, x3, t)
∂u1,n(X1, x2, x3, t)
∂x3
− f1(X1, x2, x3, t)
)
+
∂
∂x2
(
u1,n(X1, x2, x3, t)
∂u2,n(X1, x2, x3, t)
∂X1
+ u2,n(X1, x2, x3, t)
∂u2,n(X1, x2, x3, t)
∂x2
+ u3,n(X1, x2, x3, t)
∂u2,n(X1, x2, x3, t)
∂x3
− f2(X1, x2, x3, t)
)
+
∂
∂x3
(
u1,n(X1, x2, x3, t)
∂u3,n(X1, x2, x3, t)
∂X1
+ u2,n(X1, x2, x3, t)
∂u3,n(X1, x2, x3, t)
∂x2
+ u3,n(X1, x2, x3, t)
∂u3,n(X1, x2, x3, t)
∂x3
− f3(X1, x2, x3, t)
)]
dX1.
4 Variational iteration method for the system of incompressible
micropolar fluid flow
Another application of the generalized He’s variational iteration method is to create an iterative scheme
that can guarantee existence of unique solution for the system of incompressible micropolar fluid flow which
is modeled by Navier-Stokes equations and microrotational velocity equations, see[4,18,19]: given f1, f2, g, q
and time T > 0, to find u = (u1, u2, u3) : Ω × [0, T ] → R
3 in L∞
(
(0, T ) ;L2 (Ω)
)⋂
L2 ((0, T ) ;Vg), w =
(w1, w2, w3) : Ω × [0, T ] → R
3 in L∞
(
(0, T ) ;L2 (Ω)
)⋂
L2
(
(0, T ) ;H1q (Ω)
)
and p : Ω × [0, T ] → R in
L2
(
(0, T ) ;L20 (Ω)
)
such that

∂u
∂t
− (v + vr)△u+ (u.∇)u+∇p = 2vr∇×w+ f1 in Ω× (0, T ],
∂w
∂t
− (ca + cd)△w− (c0 + cd − ca)∇ (∇.w) + (u.∇)w+ 4vrw = 2vr∇× u+ f2 in Ω× (0, T ],
∇.u = 0 in Ω× (0, T ],
u = g,w = q on ∂Ω× (0, T ],
u(x, 0) = u0(x),w∇(x, 0) = w0(x) in Ω.
(4.1)
where Vg =
{
v ∈ H1(Ω) : v|∂Ω = g,∇.v = 0 in Ω
}
, H1q (Ω) =
{
v ∈ H1(Ω) : v|∂Ω = q
}
and L20 (Ω) = {p ∈
L2 (Ω) :
∫
Ω
pdΩ = 0}. u is the fluid velocity, w the microrotation field(the angular velocity field of rotation
of particles) and p the fluid kinematic pressure. The fields f1 and f2 are the external body force and
moment(torgue) respectively. The positive constants v, vr, ca and cd represent viscosity coefficients, v is the
Newtonian viscosity and vr is the microrotation viscosity. The constants c0, cd and ca satisfy c0 + cd > ca.
We normalize (4.11) and (4.12) by divide both sides by − (v + vr) and − (ca + cd) respectively, to reform the
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system (4.1) to

△u− 1(v+vr)
(
∂u
∂t
+ (u.∇)u+∇p
)
= − 1(v+vr) (2vr∇×w+ f1) in Ω× (0, T ],
△w− 1(ca+cd)
(
∂w
∂t
− (c0 + cd − ca)∇ (∇.w) + (u.∇)w+ 4vrw
)
= − 1(ca+cd) (2vr∇× u+ f2) in Ω× (0, T ],
∇.u = 0 in Ω× (0, T ],
u = g,w = q on ∂Ω× (0, T ],
u(x, 0) = u0(x),w(x, 0) = w0(x) in Ω.
(4.2)
Since the unknowns u,w, p do not appear in symmetric way in (4.11), the field p can be obtained by taking
∇ on both sides of (4.11) as a solution of the following Neumann problem{
△p = −∇ ((u.∇)u− 2vr∇×w− f1) in Ω× (0, T ],
∂p
∂n
= − (v△u+ 2vr∇× u+ f1) .n at ∂Ω× (0, T ],
(4.3)
where n is the unit outer normal to ∂Ω. (4.21) and (4.31) can be expanded in components to the following:
∂2u1
∂x21
+
∂2u1
∂x22
+
∂2u1
∂x23
−
1
(v + vr)
(
∂u1
∂t
+ u1
∂u1
∂x1
+ u2
∂u1
∂x2
+ u3
∂u1
∂x3
+
∂p
∂x1
)
= −
1
(v + vr)
(
2vr
(
∂w3
∂x2
−
∂w2
∂x3
)
+ f1,1
)
,
∂2u2
∂x21
+
∂2u2
∂x22
+
∂2u2
∂x23
−
1
(v + vr)
(
∂u2
∂t
+ u1
∂u2
∂x1
+ u2
∂u2
∂x2
+ u3
∂u2
∂x3
+
∂p
∂x2
)
= −
1
(v + vr)
(
2vr
(
∂w1
∂x3
−
∂w3
∂x1
)
+ f1,2
)
,
∂2u1
∂x21
+
∂2u1
∂x22
+
∂2u3
∂x23
−
1
(v + vr)
(
∂u3
∂t
+ u1
∂u3
∂x1
+ u2
∂u3
∂x2
+ u3
∂u3
∂x3
+
∂p
∂x3
)
= −
1
(v + vr)
(
2vr
(
∂w2
∂x1
−
∂w1
∂x2
)
+ f1,3
)
,
∂2w1
∂x21
+
∂2w1
∂x22
+
∂2w1
∂x23
−
1
(ca + cd)
(
∂w1
∂t
− (c0 + cd − ca)
(
∂2w1
∂x21
+
∂2w2
∂x1∂x2
+
∂2w3
∂x1∂x3
)
+ u1
∂w1
∂x1
+ u2
∂w1
∂x2
+ u3
∂w1
∂x3
+ 4vrw1) = −
1
(ca + cd)
(
2vr
(
∂u3
∂x2
−
∂u2
∂x3
)
+ f2,1
)
,
∂2w2
∂x21
+
∂2w2
∂x22
+
∂2w2
∂x23
−
1
(ca + cd)
(
∂w2
∂t
− (c0 + cd − ca)
(
∂2w1
∂x2∂x1
+
∂2w2
∂2x2
+
∂2w3
∂x2∂x3
)
+ u1
∂w2
∂x1
+ u2
∂w2
∂x2
+ u3
∂w2
∂x3
+ 4vrw2) = −
1
(ca + cd)
(
2vr
(
∂u1
∂x3
−
∂u3
∂x1
)
+ f2,2
)
,
∂2w3
∂x21
+
∂2w3
∂x22
+
∂2w3
∂x23
−
1
(ca + cd)
(
∂w3
∂t
− (c0 + cd − ca)
(
∂2w1
∂x3∂x1
+
∂2w2
∂x3∂x2
+
∂2w3
∂2x3
)
+ u1
∂w3
∂x1
+ u2
∂w3
∂x2
+ u3
∂w3
∂x3
+ 4vrw3) = −
1
(ca + cd)
(
2vr
(
∂u2
∂x1
−
∂u1
∂x2
)
+ f2,3
)
,
∂2p
∂x21
+
∂2p
∂x22
+
∂2p
∂x23
= −
∂
∂x1
(
u1
∂u1
∂x1
+ u2
∂u1
∂x2
+ u3
∂u1
∂x3
+ 2vr
(
∂w3
∂x2
−
∂w2
∂x3
)
+ f1,1
)
−
∂
∂x2
(
u1
∂u2
∂x1
+ u2
∂u2
∂x2
+ u3
∂u2
∂x3
+ 2vr
(
∂w1
∂x3
−
∂w3
∂x1
)
+ f1,2
)
−
∂
∂x3
(
u1
∂u3
∂x1
+ u2
∂u3
∂x2
+ u3
∂u3
∂x3
+ 2vr
(
∂w2
∂x1
−
∂w1
∂x2
)
+ f1,3
)
.
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Then, the correctional functionals for above equations in x1−direction are
u1,n+1(x1, x2, x3, t) = u1,n(x1, x2, x3, t) +
∫
Ωx1
λ1(X1)
[
∂2u1,n(X1, x2, x3, t)
∂x21
+
∂2u˜1,n(X1, x2, x3, t)
∂x22
+
∂2u˜1,n(X1, x2, x3, t)
∂x23
−
1
(v + vr)
(
∂u˜1,n(X1, x2, x3, t)
∂t
+ u˜1,n(X1, x2, x3, t)
∂u˜1,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂u˜1,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂u˜1,n(X1, x2, x3, t)
∂x3
+
∂p˜n(X1, x2, x3, t)
∂X1
)
+
1(
v + vr
)(2vr
(
∂w˜3,n(X1, x2, x3, t)
∂x2
−
∂w˜2,n(X1, x2, x3, t)
∂x3
)
+ f1,1(X1, x2, x3, t)
)]
dX1,
u2,n+1(x1, x2, x3, t) = u2,n(x1, x2, x3, t) +
∫
Ωx1
λ2(X1)
[
∂2u2,n(X1, x2, x3, t)
∂X21
+
∂2u˜2,n(X1, x2, x3, t)
∂x22
+
∂2u˜2,n(X1, x2, x3, t)
∂x23
−
1
(v + vr)
(
∂u˜2,n(X1, x2, x3, t)
∂t
+ u˜1,n(X1, x2, x3, t)
∂u˜2,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂u˜2,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂u˜2,n(X1, x2, x3, t)
∂x3
+
∂p˜n(X1, x2, x3, t)
∂x2
+
1(
v + vr
)(2vr
(
∂w˜1,n(X1, x2, x3, t)
∂x3
−
∂w˜3,n(X1, x2, x3, t)
∂x1
)
+ f1,2(X1, x2, x3, t)
)]
dX1,
u3,n+1(x1, x2, x3, t) = u3,n(x1, x2, x3, t) +
∫
Ωx1
λ3(X1)
[
∂2u1,n(X1, x2, x3, t)
∂X21
+
∂2u˜1,n(X1, x2, x3, t)
∂x22
+
∂2u˜3,n(X1, x2, x3, t)
∂x23
−
1
(v + vr)
(
∂u˜3,n(X1, x2, x3, t)
∂t
+ u˜1,n(X1, x2, x3, t)
∂u˜3,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂u˜3,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂u˜3,n(X1, x2, x3, t)
∂x3
+
∂p˜n(X1, x2, x3, t)
∂x3
)
+
1
(v + vr)
(
2vr
(
∂w˜2,n(X1, x2, x3, t)
∂X1
−
∂w˜1,n(X1, x2, x3, t)
∂x2
)
+ f1,3(X1, x2, x3, t)
)]
dX1,
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w1,n+1(x1, x2, x3, t) = w1,n(x1, x2, x3, t) +
∫
Ωx1
λ4(X1)
[
∂2w1,n(X1, x2, x3, t)
∂X21
+
∂2w˜1,n(X1, x2, x3, t)
∂x22
+
∂2w˜1,n(X1, x2, x3, t)
∂x23
−
1
(ca + cd)
(
∂w˜1,n(X1, x2, x3, t)
∂t
− (c0 + cd − ca)
(
∂2w˜1,n(X1, x2, x3, t)
∂X21
+
∂2w˜2,n(X1, x2, x3, t)
∂X1∂x2
+
∂2w˜3,n(X1, x2, x3, t)
∂X1∂x3
)
+ u˜1,n(X1, x2, x3, t)
∂w˜1,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂w˜1,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂w˜1,n(X1, x2, x3, t)
∂x3
+ 4vrw˜1,n(X1, x2, x3, t)
)
+
1
(ca + cd)
(
2vr
(
∂u˜3,n(X1, x2, x3, t)
∂x2
−
∂u˜2,n(X1, x2, x3, t)
∂x3
)
+ f2,1(X1, x2, x3, t)
)]
dX1,
w2,n+1(x1, x2, x3, t) = w2,n(x1, x2, x3, t) +
∫ t
0
λ5(X1)
[
∂2w2,n(X1, x2, x3, t)
∂X21
+
∂2w˜2,n(X1, x2, x3, t)
∂x22
+
∂2w˜2,n(X1, x2, x3, t)
∂x23
−
1
(ca + cd)
(
∂w˜2,n(X1, x2, x3, t)
∂t
− (c0 + cd − ca)
(
∂2w˜1,n(X1, x2, x3, t)
∂x2∂X1
+
∂2w˜2,n(X1, x2, x3, t)
∂2x2
+
∂2w˜3,n(X1, x2, x3, t)
∂x2∂x3
)
+ u˜1,n(X1, x2, x3, t)
∂w˜2,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂w˜2,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂w˜2,n(X1, x2, x3, t)
∂x3
+ 4vrw˜2,n(X1, x2, x3, t))
+
1
(ca + cd)
(
2vr
(
∂u˜1,n(X1, x2, x3, t)
∂x3
−
∂u˜3,n(X1, x2, x3, t)
∂X1
)
+ f2,2(X1, x2, x3, t)
)]
dX1,
w3,n+1(x1, x2, x3, t) = w3,n(x1, x2, x3, t) +
∫ t
0
λ6(X1)
[
∂2w3,n(X1, x2, x3, t)
∂X21
+
∂2w˜3,n(X1, x2, x3, t)
∂x22
+
∂2w˜3,n(X1, x2, x3, t)
∂x23
−
1
(ca + cd)
(
∂w˜3,n(X1, x2, x3, t)
∂t
− (c0 + cd − ca)
(
∂2w˜1,n(X1, x2, x3, t)
∂x3∂X1
+
∂2w˜2,n(X1, x2, x3, t)
∂x3∂x2
+
∂2w˜3,n(X1, x2, x3, t)
∂2x3
)
+ u˜1,n(X1, x2, x3, t)
∂w˜3,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂w˜3,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂w˜3,n(X1, x2, x3, t)
∂x3
+ 4vrw˜3,n(X1, x2, x3, t)
)
+
1
(ca + cd)
(
2vr
(
∂u˜2,n(X1, x2, x3, t)
∂X1
−
∂u˜1,n(X1, x2, x3, t)
∂x2
)
+ f2,3(X1, x2, x3, t)
)]
dX1,
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pn+1(x1, x2, x3, t) = pn(x1, x2, x3, t) +
∫
Ωx1
µ(X1)
[
∂2pn(X1, x2, x3, t)
∂X21
+
∂2p˜n(X1, x2, x3, t)
∂x22
+
∂2p˜n(X1, x2, x3, t)
∂x23
+
∂
∂X1
(
u˜1,n(X1, x2, x3, t)
∂u˜1,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂u˜1,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂u˜1,n(X1, x2, x3, t)
∂x3
− 2vr
(
∂w˜3,n(X1, x2, x3, τ)
∂x2
−
∂w˜2,n(X1, x2, x3, τ)
∂x3
)
− f1,1(X1, x2, x3, t)
)
+
∂
∂x2
(
u˜1,n(X1, x2, x3, t)
∂u˜2,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂u˜2,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂u˜2,n(X1, x2, x3, t)
∂x3
− 2vr
(
∂w˜1,n(X1, x2, x3, τ)
∂x3
−
∂w˜3,n(X1, x2, x3, τ)
∂x1
)
− f1,2(X1, x2, x3, t)
)
+
∂
∂x3
(
u˜1,n(X1, x2, x3, t)
∂u˜3,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂u˜3,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂u˜3,n(X1, x2, x3, t)
∂x3
− 2vr
(
∂w˜2,n(x, τ)
∂x1
−
∂w˜1,n(x, τ)
∂x2
)
− f1,3(X1, x2, x3, t)
)]
dX1.
Making the above correctional functionals stationary,
δu1,n+1(x1, x2, x3, t) = δu1,n(x1, x2, x3, t) +
∂δu1,n(X1, x2, x3, t)
∂X1
λ1(X1)
∣∣∣∣
X1=x1
− δu1,n(X1, x2, x3, t)
dλ1(X1)
dX1
∣∣∣∣
X1=x1
+
∫
Ωx1
δu1,n(X1, x2, x3, t)
d2λ1(X1)
dX21
dX1 = 0,
δu2,n+1(x1, x2, x3, t) = δu2,n(x1, x2, x3, t) +
∂δu2,n(X1, x2, x3, t)
∂X1
λ2(X1)
∣∣∣∣
X1=x1
− δu2,n(X1, x2, x3, t)
dλ2(X1)
dX1
∣∣∣∣
X1=x1
+
∫
Ωx1
δu2,n(X1, x2, x3, t)
d2λ2(X1)
dX21
dX1 = 0,
δu3,n+1(x1, x2, x3, t) = δu3,n(x1, x2, x3, t) +
∂δu3,n(X1, x2, x3, t)
∂X1
λ3(X1)
∣∣∣∣
X1=x1
− δu3,n(X1, x2, x3, t)
dλ3(X1)
dX1
∣∣∣∣
X1=x1
+
∫
Ωx1
δu3,n(X1, x2, x3, t)
d2λ3(X1)
dX21
dX1 = 0,
δw1,n+1(x1, x2, x3, t) = δw1,n(x1, x2, x3, t) +
∂δw1,n(X1, x2, x3, t)
∂X1
λ4(X1)
∣∣∣∣
X1=x1
− δw1,n(X1, x2, x3, t)
dλ4(X1)
dX1
∣∣∣∣
X1=x1
+
∫
Ωx1
δw1,n(X1, x2, x3, t)
d2λ4(X1)
dX21
dX1 = 0,
δw2,n+1(x1, x2, x3, t) = δw2,n(x1, x2, x3, t) +
∂δw2,n(X1, x2, x3, t)
∂X1
λ5(X1)
∣∣∣∣
X1=x1
− δw2,n(X1, x2, x3, t)
dλ5(X1)
dX1
∣∣∣∣
X1=x1
+
∫
Ωx1
δw2,n(X1, x2, x3, t)
d2λ5(X1)
dX21
dX1 = 0,
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δw3,n+1(x1, x2, x3, t) = δw3,n(x1, x2, x3, t) +
∂δw3,n(X1, x2, x3, t)
∂X1
λ6(X1)
∣∣∣∣
X1=x1
− δw3,n(X1, x2, x3, t)
dλ6(X1)
dX1
∣∣∣∣
X1=x1
+
∫
Ωx1
δw3,n(X1, x2, x3, t)
d2λ6(X1)
dX21
dX1 = 0,
δpn+1(x1, x2, x3, t) = δpn(x1, x2, x3, t) +
∂δpn(X1, x2, x3, t)
∂X1
µ(X1)
∣∣∣∣
X1=x1
− δpn(X1, x2, x3, t)
dµ(X1)
dX1
∣∣∣∣
X1=x1
+
∫
Ωx1
δpn(X1, x2, x3, t)
d2µ(X1)
dX21
dX1 = 0
yields the following stationary conditions: for i = 1, · · · , 6, that
δui,n :
d2λi
dX21
= 0 δpn :
d2µ
dX21
= 0
∂δui,n
∂X1
: µ(X1)|X1=x1 = 1 and
∂δpn
∂X1
: µ(X1)|X1=x1 = 1
δui,n :
dλi(X1)
dX1
∣∣∣∣
X1=x1
= 0 δpn :
dµ(X1)
dX1
∣∣∣∣
X1=x1
= 0.
Then, for i = 1, · · · , 6, the Lagrange multipliers are λi = 1 and µ = 1; and the desired iterative scheme is
u1,n+1(x1, x2, x3, t) = u1,n(x1, x2, x3, t) +
∫
Ωx1
[
∂2u1,n(X1, x2, x3, t)
∂x21
+
∂2u˜1,n(X1, x2, x3, t)
∂x22
+
∂2u˜1,n(X1, x2, x3, t)
∂x23
−
1
(v + vr)
(
∂u˜1,n(X1, x2, x3, t)
∂t
+ u˜1,n(X1, x2, x3, t)
∂u˜1,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂u˜1,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂u˜1,n(X1, x2, x3, t)
∂x3
+
∂p˜n(X1, x2, x3, t)
∂X1
)
+
1(
v + vr
)(2vr
(
∂w˜3,n(X1, x2, x3, t)
∂x2
−
∂w˜2,n(X1, x2, x3, t)
∂x3
)
+ f1,1(X1, x2, x3, t)
)]
dX1,
u2,n+1(x1, x2, x3, t) = u2,n(x1, x2, x3, t) +
∫
Ωx1
[
∂2u2,n(X1, x2, x3, t)
∂X21
+
∂2u˜2,n(X1, x2, x3, t)
∂x22
+
∂2u˜2,n(X1, x2, x3, t)
∂x23
−
1
(v + vr)
(
∂u˜2,n(X1, x2, x3, t)
∂t
+ u˜1,n(X1, x2, x3, t)
∂u˜2,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂u˜2,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂u˜2,n(X1, x2, x3, t)
∂x3
+
∂p˜n(X1, x2, x3, t)
∂x2
+
1(
v + vr
)(2vr
(
∂w˜1,n(X1, x2, x3, t)
∂x3
−
∂w˜3,n(X1, x2, x3, t)
∂x1
)
+ f1,2(X1, x2, x3, t)
)]
dX1,
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u3,n+1(x1, x2, x3, t) = u3,n(x1, x2, x3, t) +
∫
Ωx1
[
∂2u1,n(X1, x2, x3, t)
∂X21
+
∂2u˜1,n(X1, x2, x3, t)
∂x22
+
∂2u˜3,n(X1, x2, x3, t)
∂x23
−
1
(v + vr)
(
∂u˜3,n(X1, x2, x3, t)
∂t
+ u˜1,n(X1, x2, x3, t)
∂u˜3,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂u˜3,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂u˜3,n(X1, x2, x3, t)
∂x3
+
∂p˜n(X1, x2, x3, t)
∂x3
)
+
1
(v + vr)
(
2vr
(
∂w˜2,n(X1, x2, x3, t)
∂X1
−
∂w˜1,n(X1, x2, x3, t)
∂x2
)
+ f1,3(X1, x2, x3, t)
)]
dX1,
w1,n+1(x1, x2, x3, t) = w1,n(x1, x2, x3, t) +
∫
Ωx1
[
∂2w1,n(X1, x2, x3, t)
∂X21
+
∂2w˜1,n(X1, x2, x3, t)
∂x22
+
∂2w˜1,n(X1, x2, x3, t)
∂x23
−
1
(ca + cd)
(
∂w˜1,n(X1, x2, x3, t)
∂t
− (c0 + cd − ca)
(
∂2w˜1,n(X1, x2, x3, t)
∂X21
+
∂2w˜2,n(X1, x2, x3, t)
∂X1∂x2
+
∂2w˜3,n(X1, x2, x3, t)
∂X1∂x3
)
+ u˜1,n(X1, x2, x3, t)
∂w˜1,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂w˜1,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂w˜1,n(X1, x2, x3, t)
∂x3
+ 4vrw˜1,n(X1, x2, x3, t)
)
+
1
(ca + cd)
(
2vr
(
∂u˜3,n(X1, x2, x3, t)
∂x2
−
∂u˜2,n(X1, x2, x3, t)
∂x3
)
+ f2,1(X1, x2, x3, t)
)]
dX1,
w2,n+1(x1, x2, x3, t) = w2,n(x1, x2, x3, t) +
∫ t
0
[
∂2w2,n(X1, x2, x3, t)
∂X21
+
∂2w˜2,n(X1, x2, x3, t)
∂x22
+
∂2w˜2,n(X1, x2, x3, t)
∂x23
−
1
(ca + cd)
(
∂w˜2,n(X1, x2, x3, t)
∂t
− (c0 + cd − ca)
(
∂2w˜1,n(X1, x2, x3, t)
∂x2∂X1
+
∂2w˜2,n(X1, x2, x3, t)
∂2x2
+
∂2w˜3,n(X1, x2, x3, t)
∂x2∂x3
)
+ u˜1,n(X1, x2, x3, t)
∂w˜2,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂w˜2,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂w˜2,n(X1, x2, x3, t)
∂x3
+ 4vrw˜2,n(X1, x2, x3, t))
+
1
(ca + cd)
(
2vr
(
∂u˜1,n(X1, x2, x3, t)
∂x3
−
∂u˜3,n(X1, x2, x3, t)
∂X1
)
+ f2,2(X1, x2, x3, t)
)]
dX1,
12
w3,n+1(x1, x2, x3, t) = w3,n(x1, x2, x3, t) +
∫ t
0
[
∂2w3,n(X1, x2, x3, t)
∂X21
+
∂2w˜3,n(X1, x2, x3, t)
∂x22
+
∂2w˜3,n(X1, x2, x3, t)
∂x23
−
1
(ca + cd)
(
∂w˜3,n(X1, x2, x3, t)
∂t
− (c0 + cd − ca)
(
∂2w˜1,n(X1, x2, x3, t)
∂x3∂X1
+
∂2w˜2,n(X1, x2, x3, t)
∂x3∂x2
+
∂2w˜3,n(X1, x2, x3, t)
∂2x3
)
+ u˜1,n(X1, x2, x3, t)
∂w˜3,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂w˜3,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂w˜3,n(X1, x2, x3, t)
∂x3
+ 4vrw˜3,n(X1, x2, x3, t)
)
+
1
(ca + cd)
(
2vr
(
∂u˜2,n(X1, x2, x3, t)
∂X1
−
∂u˜1,n(X1, x2, x3, t)
∂x2
)
+ f2,3(X1, x2, x3, t)
)]
dX1,
pn+1(x1, x2, x3, t) = pn(x1, x2, x3, t) +
∫
Ωx1
[
∂2pn(X1, x2, x3, t)
∂X21
+
∂2p˜n(X1, x2, x3, t)
∂x22
+
∂2p˜n(X1, x2, x3, t)
∂x23
+
∂
∂X1
(
u˜1,n(X1, x2, x3, t)
∂u˜1,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂u˜1,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂u˜1,n(X1, x2, x3, t)
∂x3
− 2vr
(
∂w˜3,n(X1, x2, x3, τ)
∂x2
−
∂w˜2,n(X1, x2, x3, τ)
∂x3
)
− f1,1(X1, x2, x3, t)
)
+
∂
∂x2
(
u˜1,n(X1, x2, x3, t)
∂u˜2,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂u˜2,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂u˜2,n(X1, x2, x3, t)
∂x3
− 2vr
(
∂w˜1,n(X1, x2, x3, τ)
∂x3
−
∂w˜3,n(X1, x2, x3, τ)
∂x1
)
− f1,2(X1, x2, x3, t)
)
+
∂
∂x3
(
u˜1,n(X1, x2, x3, t)
∂u˜3,n(X1, x2, x3, t)
∂X1
+ u˜2,n(X1, x2, x3, t)
∂u˜3,n(X1, x2, x3, t)
∂x2
+ u˜3,n(X1, x2, x3, t)
∂u˜3,n(X1, x2, x3, t)
∂x3
− 2vr
(
∂w˜2,n(x, τ)
∂x1
−
∂w˜1,n(x, τ)
∂x2
)
− f1,3(X1, x2, x3, t)
)]
dX1.
5 Conclusion
He’s variational iteration method is generalized to create an iterative scheme that gurantee a unique solution
for asymmetric systems of PDEs with respect to the time. Systems of incompressible fluid flow and incom-
pressible micropolar fluid flow can be solved uniquely by applying the generalized He’s variational iteration
method to create a desired iterative scheme for them.
Acknowledgement: The author received no direct funding for this research.
References
[1] G. Adomian, ”A review of the decomposition method in applied mathematics”, J. Math. Anal. Appl.,,
135501544, 1988.
[2] G. Adomian, Solving Frontier Problems of Physics: The Decomposition Method, Kluwer, Boston, 1994.
13
[3] A. Chorin and J.E. Marsden, A Mathematical Introduction to Fluid Mechanics, Spring-Verlag Publishing
Company, Inc. 1992
[4] A. C. Eringen, Theory of micropolar fluids, Journal of Mathematical Mechanics, vol. 16, pp. 116, 1966.
[5] L.C. Evans, Partial Differentia Equations, Second Edition, American Mathematical Society, 2010.
[6] G. P. Galdi, An Introduction to the Navier-Stokes Initial-Boundary Value Problem, Lecture Notes, 2000.
[7] J.H. He, ”Some asymptotic methods for strongly nonlinear equations”, Int. J. Modern Phys., B
20(10)11411199, 2006.
[8] J.H. He, ”Non-perturbative methods for strongly nonlinear problems”, Dissertation.de-Verlag im Internet
GmbH, Berlin, 2006.
[9] J.H. He, ”Approximate analytical solution for seepage flow with fractional derivatives in porous media”,
Comput. Methods Appl. Mech. Engrg., 1675768, 1998.
[10] J.H. He, ”Variational iteration method for autonomous ordinary differential systems”, Appl. Math.
Comput., 114 (2/3)115123, 2000.
[11] J.H. He, X.H. Wu, ”Construction of solitary solution and compacton-like solution by variational iteration
method”, Chaos Solitons Fractals 29(1)108113, 2006.
[12] J.H. He, ”A new approach to nonlinear partial differential equations”, Commun. Nonlinear Sci. Numer.
Simul., 2 (4)203205, 1997.
[13] J.H. He, ”A variational iteration approach to nonlinear problems and its applications”, Mech. Appl. 20
(1)3031 (in Chinese), 1998.
[14] J.H. He, ”Variational iteration methoda kind of nonlinear analytical technique: Some examples”, Int.
J. Nonlinear Mech., 34 699708, 1999.
[15] J.H. He, ”A generalized variational principle in micromorphic thermoelasticity”, Mech. Res. Commun.,
329398, 2005.
[16] J.H. He, ”Variational iteration methodsome recent results and new interpretations”, J. Comput. Appl.
Math.(in press), 2006.
[17] R.C. Hibbereler, Fluid Mechanics, Pearson Prentice Hall, 2015.
[18] K.-H. Hoffmann, D. Marx, and N. D. Botkin, Drag on spheresin micropolar fluids with non-zero bound-
ary conditions for microrotations, Journal of Fluid Mechanics, vol. 590, pp. 319330, 2007.
[19] G. Lukaszewicz, Micropolar Fluids: Theory and Applications, Birkhauser, Boston, Mass, USA, 1999.
[20] Y. Nakayama and R. F. Boucher, Introduction to Fluid Mechanics, YOKENDO CO. LTD, Japan, 1999.
[21] H. Schlichting and J. Kestin, Boundary-layer theory, 7th Edition, McGraw-Hill, Inc, 1979.
[22] W.W. Wahl, The Equation of Navier-Stokes and Abstract Parabolic Equations, Springer Fachmedien
Wiesbaden, 1985.
[23] A.M. Wazwaz, A comparison between the variational iteration method and Adomian decomposition
method, J. Comput. Appl. Math. 207(2007)129-136.
[24] A.M. Wazwaz, The variational iteration method for solving linear and nonlinear systems of PDEs, Int.
J. Computers & Mathematics with Applications 54 (2007) 895902.
14
